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Abstract
We have investigated the thermodynamical properties of the universe with dark energy. It is
demonstrated that in a universe with spacial curvature the natural choice for IR cutoff could be
the apparent horizon radius. We shown that any interaction of pressureless dark matter with
holographic dark energy, whose infrared cutoff is set by the apparent horizon radius, implying a
constant effective equation of state of dark component in a universe. In addition we found that
for the static observer in space, the comoving distance has a faster expansion than the apparent
horizon radius with any spatial curvature. We also verify that in some conditions the modified
first law of thermodynamics could return to the classic form at apparent horizon for a universe
filled with dark energy and dark matter. Besides, the generalized second law of thermodynamics
is discussed in a region enclosed by the apparent horizon.
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I. INTRODUCTION
From the cosmological observations [1][2][3][4][5], it is generally accepted in the astro-
physics community that the universe is expanding in an accelerated manner due to some
kind of negative-pressure form of matter known as dark energy [6]. Therefore, in order
to explain this bizarre phenomenon, various models of dark energy have been proposed.
The most naive dark energy candidate is the cosmological constant [7], conventionally
associated with the energy of the vacuum with constant energy density and pressure, and
an equation of state ω = −1. However, it is confronted with two fundamental problems: the
fine-tuning problem and the cosmic coincidence problem [8]. To alleviate the drawbacks,
cosmologists and particle physicists have proposed dynamical dark energy models, including
minimally coupled scalar fields, vector fields or even modifications to General Relativity on
cosmological scales [9][10], such as those associated with extra-dimensions [11][12][13] and
f(R) theories [14][15][16][17].
Anther interesting attempt for probing the nature of dark energy within the framework
of quantum gravity is the so-called ”HDE” (Holographic Dark Energy), proposal motivated
from the holographic hypothesis [18]. In ref.[19] they suggested a relationship between the
ultraviolet (UV) and the infrared (IR) cutoffs due to the limit set by the formation of a
black hole, L3Λ4 ≤ LM2pl, where Λ as the UV cutoff is closely connected to the quantum
zero-point energy density, L is the size of the region and Mpl =
1√
8piG
is the reduced Planck
mass. Applying this idea to the whole universe, the largest IR cutoff L is chosen by
saturating the inequality, one can get the holographic dark energy density
ρd = 3c
2M2plL
−2 (1)
where 3c2 is a numerical constant characterizing all of the uncertainties of the theory, and
its value can only be determined by observations. If we take L as the Hubble horizon H−1,
the resulting ρd is comparable to the observational density of dark energy [20][21]. However,
Hsu [22] pointed out that this does not lead to an accelerated universe. Subsequently, in [23]
Li suggested that the IR cut-off L should be taken as the size of the future event horizon
of the universe. For a comprehensive list of references concerning HDE, we refer to [24][25]
[26][27][28][29] e.g.
Following above discussion, although fundamental for our understanding of the universe,
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the nature of such previously unforeseen energy remains completely open questions, espe-
cially in the theoretical aspect. One of the important questions concerns the thermodynam-
ical behavior of the accelerated expanding universe driven by dark energy. In history, the
connection between thermodynamics and gravity has been focused for several times [30][31].
This connection implies that the thermodynamics might shed some light on the properties
of dark energy, so it gives strong motivation to study thermodynamics in the accelerating
universe.
In this work we would like to study the dark energy from thermodynamical perspective.
In [32] the interaction between dark energy and dark matter is taken into account, they
proposed a constant ratio of the energy densities of both components by the Friedmann
equation and solve the coincidence problem. Based on this, according to the interaction
parameter, taking the apparent horizon radius as the infrared cutoff, we demonstrate that
the effective equation of state of dark component could also be proportional to the constant
in a universe with any spatial curvature. Besides, motivated by the idea in [33], we show
that for the static observer in space, the comoving distance has a faster expansion than
the apparent horizon radius. This implies that with the accelerating expansion of the uni-
verse, the contents enclosed by the apparent horizon disappear continuously and crossing
the horizon, since the distribution of dark component is evenly across space. Therefore, it
is of great interest to investigate whether the first law of thermodynamics is fulfilled on the
apparent horizon, and the validity of the generalized second law of thermodynamics in the
accelerating universe driven by dark energy.
The paper is organized as follows. In section II, we study the interacting HDE with
apparent horizon as an IR cutoff and propose the effective conservation equation. Then we
discuss the first law of thermodynamics on the apparent horizon in an accelerating universe
with commoving coordinate system in section III. In section IV, we examine the validity of
the generalized second law of thermodynamics in a region enclosed by the apparent horizon.
The summary and discussion are presented in the last section.
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II. INTERACTING HOLOGRAPHIC DARK ENERGY WITH APPARENT
HORIZON
In this section we would describe the interacting holographic dark energy in a universe
with each spatial curvature. First we consider a homogenous and isotropic universe which
is described by the line element
ds2 = −dt2 + a2(t)
[
dr2
1− kr2
+ r2
(
dθ2 + sin2θdφ2
)]
(2)
Here k denotes the curvature of space with k = −1, 0, 1 corresponding to open, flat, and
closed universes, respectively. From ref.[34], a simple calculation gives the dynamical appar-
ent horizon radius for the FRW universe
RA =
1√
H2 + k/a2
(3)
The apparent horizon may be considered as a causal horizon for a dynamical spacetime,
so one can associate a gravitational entropy and surface gravity to it. The corresponding
Friedmann equation reads
(H2 +
k
a2
) =
1
R2A
=
8piG
3
(ρd + ρm) (4)
where H = a˙/a is the Hubble parameter, ρd is the holographic dark energy density from
eq.(1), and ρm is the energy density of matter. It is noted that the total energy density
ρ = ρd + ρm satisfies a conservation law
ρ˙+ 3H(ρ+ pd) = 0 (5)
However, since the interaction between dark energy and dark matter is taken into account, ρd
and ρm do not satisfy the independent conservation laws. Instead they satisfy two continuous
equations
ρ˙d + 3Hρd(1 + ωd) = −Q (6)
ρ˙m + 3Hρm = Q (7)
here ωd = pd/ρd denotes the equation of state parameter (EoS) of HDE, and Q is the inter-
action term which can be an arbitrary function of cosmological parameters. It is important
to note that the continuity equations imply that the interaction term should be a function
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of a quantity with units of inverse of time multiplied with the energy density, and the ideal
interaction term must be motivated from the theory of quantum gravity. Therefore, without
loss of generality, we rely on pure dimensional basis for choosing an interaction Q and write
the interaction as Q = Γρd. By introducing a coupling constant b
2, we can present the
interaction term as
Q = Γρd =


3Hb2ρd
3Hb2uρd
3Hb2(1 + u)ρd
(8)
With r = ρm/ρd stands for the ratio of energy densities. The effective equations of state for
dark energy and matter are defined by [35]
ωeffd = ωd +
Γ
3H
, ωeffm = −
1
r
Γ
3H
(9)
In [32], they show that any interaction of dark matter with holographic dark energy
implies an accelerated expansion and r is a constant. Thus that with eq.(8), we find Γ
3H
∝
Const. Making use of (9) in (6) and (7)
ρ˙d + 3Hρd(1 + ω
eff
d ) = 0 (10)
ρ˙m + 3Hρm(1 + ω
eff
m ) = 0 (11)
From eqs.(3) and (5), we can obtain
−
R˙A
R3A
= H
(
H˙ −
k
a2
)
=
4piG
3
(ρ˙d + ρ˙m) = −4piGH(ρd + ρm + pd) (12)
Differentiating eq.(1) with respect to cosmic time and using (12) yields
ρ˙d = −2ρd
R˙A
RA
= −3c2Hρd(1 + r + ωd) (13)
Substituting (13) into (10), we get
ωeffd = c
2(1 + r + ωd)− 1 (14)
Following the same logic in [36], we rewrite the eq.(6)
3H(1 + ωd) = −
ρ˙d
ρd
− Γ (15)
and eq.(7)
r˙ = −r
ρ˙d
ρd
− 3Hr + Γ (16)
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Eliminating the ρ˙d/ρd in above two equations, we reach
r˙ = (1 + r)Γ + 3Hrωd (17)
For the case of the ratio of the energy densities is a constant, the equation of state parameter
ωd can be calculated
ωd = −
(
1 +
1
r
)
Γ
3H
(18)
Using (18), (14) gives
ωeffd = c
2
[
1 + r −
(
1 +
1
r
)
Γ
3H
]
− 1 (19)
The above expression represents the effective equation of state for the holographic dark
energy interacting with dark matter. An interesting case arises when interaction is absence,
then eq.(19) gives ωd = 0 and ω
eff
d = c
2(1 + r)− 1. If c = 1, ωeffd = r > 0. One could make
a constraint to the constant c to obtain a current accelerated expansion universe and to
protect positivity of dark matter energy density. When an interaction is taken into account,
the interaction parameter Γ
3H
together with constant c could determine the region of effective
equation of state parameter. An interaction is necessarily accompanied by an equation of
state ωeffd < 0. Base on the above discussion, the existence of an interaction has another
interesting consequence. When the infrared cutoff is set by the apparent horizon radius, it
is found that ωeffd ∝ Const and ω
eff
m ∝ Const . Thus we could modified the continuous
equations
ρd ∼ a
−3(1+ωeff
d
), ρm ∼ a
−3(1+ωeffm ) (20)
Here a denotes the scale factor. It is shown that the definition of the coupling function
Γ together with the ratio of the energy densities fundamentally lead the relation between
ρ and a to be a simple one. Next, we would verify that using eq.(20) the first law of
thermodynamics with comoving coordinate system on the apparent horizon could return to
the classic form.
III. FIRST LAW OF THERMODYNAMICS ON THE APPARENT HORIZON
We first review the model of expanding universe. There are decisive evidences that our
observable universe evolves adiabatically after inflation in a comoving volume. This means
there is no energy-momentum flow between different patches of the observable universe then
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the universe keeps homogeneous and isotropic after inflation, which is why we can use FRW
geometry to describe the evolution of the universe. In an adiabatically evolving universe,
term TdS equals zero, the first law of thermodynamics in a comoving volume reads
dU = −pdV (21)
Here U = Ωkρa
3 and V = Ωka
3 stand for the energy and the physical volume [37], and Ωk
is a factor related to the spatial curvature

k = −1 → Ω−1 =
e2pi−1/e2pi
2
pi − 2pi2
k = 0 → Ω0 =
4pi
3
k = 1 → Ω1 = 2pi
2
(22)
It is noted that eq.(21) equals the continuity equation because the distribution of dark com-
ponent is evenly across space. In the case of the interacting holographic dark energy, making
use of the effective equation of state for dark energy and matter, the integral relation be-
tween ρ and a is given by eq.(20)
In light of the discussion in [37], we would concentrate our attention on the thermody-
namical properties on the apparent horizon. It is a fact that for the static observer in space,
the universe he/she observed is the space in a region enclosed by the apparent horizon.
Compared with the model discussed above, it is of interest to see whether the expansion of
the apparent horizon radius is consistent with the commoving distant. In other words, if
the comoving distance has a faster or slower expansion, some energy should flow through
the apparent horizon.
Here we assume that at a certain beginning time, t = t0, the comoving distance is same
with the apparent horizon radius
a0ξ = R0A (23)
where aξ is the comoving distant and ξ ∝ Const stand for the comoving coordinate. Making
use of eqs.(3) and (23), a simple calculation shows that the change ratio of both of them is
(aξ)′
(RA)′
=
H2 + k
a2
H2 + k
a2
−
a¨
a
> 1 (24)
where a prime presents the derivative with respect to cosmic time. That means the comoving
distance has a faster expansion than the apparent horizon radius with any spatial curvature.
Because the distribution of total matter and energy matter is evenly across space, energy is
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conserved in the commoving volume according to the black hole thermodynamics. However,
it is different that for the static observer in space there should be not only an energy density
decrease but also some energy outflow the apparent horizon synchronously (FIG.1).
In this paper, if we define E0A = ρV1 = Ωk(R
0
A)
3ρ3 as the total energy content of the
universe inside a 3-sphere of radius R0A at t0, and E
0
a = ρV2 = Ωk(a
0ξ)3ρ3 is the energy
enclosed by the comoving distance a0ξ at t0 respectively, then after a time ∆t, t0 → t1, the
energy crossing the apparent horizon is
∆EA = E
1
A −E
1
a (25)
for the choice of spatially flat case
∆EA = Ω0
[
(R1A)
3
− (a1ξ)3
]
ρ1 =
4pi
3
[
(R1A)
3
− (a1ξ)3
]
ρ1 (26)
using ρ1 = ρ0 +∆ρ, we get
∆EA =
4pi
3
[
(R1A)
3
− (a1ξ)3
]
(ρ0 +∆ρ) =
4pi
3
(R1A)
3ρ0 −
4pi
3
(a1ξ)3ρ1 +
4pi
3
(R1A)
3∆ρ (27)
Since ρ = ρd + ρm, and ρ is proportional to the a
−3(1+ωeff ) in eq.(20)
∆EA =
[
4pi
3
(R1A)
3ρ0m −
4pi
3
(a0ξ)3ρ0m
(a0)1+ω
eff
m
(a1)1+ω
eff
m
+
4pi
3
(R1A)
3∆ρm
]
+
[
4pi
3
(R1A)
3ρ0d −
4pi
3
(a0ξ)3ρ0d
(a0)1+ω
eff
d
(a1)1+ω
eff
d
+
4pi
3
(R1A)
3∆ρd
]
(28)
When ∆t = t1 − t0 → dt, eq.(28) could be generalized to
dEA =
4pi
3
(R1A)
3ρ0 −
4pi
3
(R0A)
3
[
ρ0m
(a0)1+ω
eff
m
(a1)1+ω
eff
m
+ ρ0d
(a0)1+ω
eff
d
(a1)1+ω
eff
d
]
+
4pi
3
(R1A)
3ρ˙dt (29)
On the other hand, it has been found that black holes emit Hawking radiation with
temperature proportional to their surface gravity at the event horizon and they have entropy
which is one quarter of the area of the event horizon in the semiclassical quantum description
of black hole physics [38]. If we define the temperature and entropy on the apparent horizon
as
TA =
1
2piRA
, SA =
A
4G
=
piR2A
G
(30)
At t = t1, R
0
A → R
1
A and SA → S
1
A, taking differential form of the above equation and using
eq.(12), we can obtain
T 1AdSA =
R˙A
G
dt = −
4pi
3
(R1A)
3ρ˙dt (31)
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Here we have used TA ≈ T
1
A (quasi-equilibrium process). Substituting this relation into
eq.(29), we get the modified first law of thermodynamics on the apparent horizon
− dEA = −
{
4pi
3
(R1A)
3ρ0 −
4pi
3
(R0A)
3
[
ρ0m
(a0)1+ω
eff
m
(a1)1+ω
eff
m
+ ρ0d
(a0)1+ω
eff
d
(a1)1+ω
eff
d
]}
+ T 1AdSA (32)
so we can write
dW = −
{
4pi
3
(R1A)
3ρ0 −
4pi
3
(R0A)
3
[
ρ0m
(a0)1+ω
eff
m
(a1)1+ω
eff
m
+ ρ0d
(a0)1+ω
eff
d
(a1)1+ω
eff
d
]}
(33)
This expression is a little more complicated but if we make a constraint to the parameters
the classic form of the first law of thermodynamics would be obtained through this formula.
The adjustable parameters might make ωeffm and ω
eff
d approaching −1, under this condition
dW = −
4pi
3
ρ0
[
(R1A)
3
− (R0A)
3
]
= −4pi(R0A)
2ρ0d(1 + r)dRA (34)
And eq.(32) can be modified as
− dEA = dW + T
1
AdSA = −4pi(R
0
A)
2ρ0d(1 + r)dRA −
4pi
3
(R1A)
3ρ˙dt (35)
Here the work density term dW [39] is regarded as the work done by the change of the
apparent horizon, which is used to replace the negative pressure if compared with the stan-
dard first law of thermodynamics. It is not difficult to understand that for the other spatial
curvature the conclusion is also hold except the difference of Ωk.
IV. GENERALIZED SECOND LAW OF THERMODYNAMICS ON THE APPAR-
ENT HORIZON
Now we proceed to discuss the generalized second law of thermodynamics in a region
enclosed by the apparent horizon. Using eq.(33) we turn to find out
T 1AS˙A = −
4pi
3
(R1A)
3ρ˙ (36)
To check the generalized second law of thermodynamics, we have to examine the evolution
of the total entropy. In order to obtain the variation of the entropy of the fluid inside the
apparent horizon we use the Gibb’s equation [40]
T∆S = ∆E + pd∆V (37)
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Here the total entropy of the energy and matter content inside the horizon is S = Sm + Sd.
Since the interaction of both dark components is mutual, we assumed that the temperatures
of them are equal and it should be in equilibrium with the temperature associated with the
apparent horizon TA = Tm = Td.
In the model discussed above, the comoving distance has a faster expansion than the
apparent horizon radius and there should be some energy flow through the apparent horizon
for the static observer in space. Therefore from the Gibb’s equation (37) we can obtain
T 1A∆S = ρ
1Ωk
[
(R1A)
3
− (a1ξ)3
]
+ pdΩk
[
(R1A)
3
− (R0A)
3
]
(38)
Where p0d ≈ p
1
d, TA ≈ T
1
A, if the quasi-equilibrium process is taken into account. For spatially
flat case
T 1A(∆Sm +∆Sd) =
[
4pi
3
(R1A)
3ρ0m −
4pi
3
(a0ξ)3ρ0m
(a0)1+ω
eff
m
(a1)1+ω
eff
m
+
4pi
3
(R1A)
3∆ρm
]
+
[
4pi
3
(R1A)
3ρ0d −
4pi
3
(a0ξ)3ρ0d
(a0)1+ω
eff
d
(a1)1+ω
eff
d
+
4pi
3
(R1A)
3∆ρd
]
+ ωdρ
0
d
4pi
3
[
(R1A)
3
− (R0A)
3
]
(39)
Making use of the condition ∆t = t1 − t0 → dt, ω
eff
d → −1 and ω
eff
m → −1, eq.(39) can be
rewritten as
T 1A(dSm + dSd) =
{
4pi
3
ρ0m
[
(R1A)
3
− (R0A)
3
]
+
4pi
3
(R1A)
3dρm
}
+
{
4pi
3
ρ0d
[
(R1A)
3
− (R0A)
3
]
+
4pi
3
(R1A)
3dρd
}
+ ωdρ
0
d
4pi
3
[
(R1A)
3
− (R0A)
3
]
(40)
or
T 1A(dSm+dSd) =
{
4pi
3
ρ0
[
(R1A)
3
− (R0A)
3
]
+
4pi
3
(R1A)
3ρ˙dt
}
+ωdρ
0
d
4pi
3
[
(R1A)
3
− (R0A)
3
]
(41)
which can be recast as
T 1A(S˙m + S˙d) = ρ
0
d(1 + r + ωd)4pi(R
0
A)
2R˙A +
4pi
3
(R1A)
3ρ˙ (42)
Hence combining eqs.(36) and (42) the resulting change of total entropy is given by
T 1A(S˙m + S˙d + S˙A) = ρ
0
d(1 + r + ωd)4pi(R
0
A)
2R˙A (43)
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Substituting eq.(12) into (44)
T 1A(S˙m + S˙d + S˙A) = 16pi
2GH(R0A)
5(ρ0d)
2(1 + r + ωd)
2 (44)
It is the total entropy of the universe and the apparent horizon entropy. Therefore, the right
hand side of the above equation is always positive in the evolution of the universe. This
indicates that for a universe with special curvature filled with interacting dark components,
the generalized second law of thermodynamics is fulfilled in a region enclosed by the apparent
horizon.
V. CONCLUSION
In this paper, we have studied the thermodynamical properties of the universe with dark
energy. It is demonstrated that in a universe with spacial curvature the natural choice for
IR cutoff could be the apparent horizon radius. The apparent horizon is important for the
study of cosmology, since on the apparent horizon there is the well known correspondence
between the first law of thermodynamics and the Einstein equation. On the other hand it
has been found that the apparent horizon is a good boundary for keeping thermodynamical
laws.
We showed that any interaction of pressureless dark matter with HDE, whose infrared
cutoff is set by the apparent horizon radius, implying a constant effective equation of state
of dark component in a universe with any spatial curvature. In addition, motivated by the
idea in [33], we also performed that for the static observer in space, the comoving distance
has a faster expansion than the apparent horizon radius. Then we discussed the validity of
the first and the generalized second law of thermodynamics. In the condition of ωeffd → −1
and ωeffm → −1, both of them could return to the classic form and they can be always
satisfied for a universe filled with mutual interacting dark components in a region enclosed
by the apparent horizon.
The results tell us that in studying the thermodynamics of the universe with dark energy,
it is more appropriate to consider the difference between apparent horizon radius and the
comoving distance. Our study further supports that in a universe with spatial curvature,
the apparent horizon is a physical boundary from the thermodynamical point of view.
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FIG. 1: The evolution of the apparent horizon and commoving distance with scale factor a is given
by eq.(24). at a certain beginning time, t = t0, a
0ξ = R0A. after a time ∆t, t0 → t1, R
1
a > R
1
A.
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